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The numerical renormalization group is used to study quantum entanglement in the Kondo im-
purity model with a pseudogapped density of states ρ(ε) ∝ |ε|r (r > 0) that vanishes at the Fermi
energy ε = 0. The model features a Kondo-destruction quantum critical point (QCP) separating
a partially screened phase (reached for impurity-band exchange couplings J > Jc) from a local-
moment phase (J < Jc). The impurity contribution S
imp
e to the entanglement entropy between a
region of radius R around the magnetic impurity and the rest of the host system reveals a charac-
teristic length scale R∗ that distinguishes a regime R≪ R∗ of maximal critical entanglement from
one R≫ R∗ of weaker entanglement. Within each phase, Simpe is a universal function of R/R
∗ with
a power-law decay for R/R∗ ≫ 1. The entanglement length scale R∗ diverges on approach to the
QCP with a critical exponent that depends only on r.
Advances in quantum information have led to the
quantification of entanglement [1], which has helped de-
velop new fundamental concepts in condensed matter
physics [2]. The entanglement entropy Se characterizes
the entanglement of a pure state of a system with respect
to a partition into two subsystems A and B. If Se > 0,
then a measurement that collapses the state of A will also
collapse the state in B, whereas if Se = 0, such a measure-
ment on A will not affect B. The entanglement of a sub-
system has recently been measured in ultra-cold atomic
gases [3], making it experimentally relevant to ask how
the entanglement scales with the length l of the smaller
subsystem in d spatial dimensions. Certain eigenstates
can be classified by an “area law” Se ∼ l
d−1 (applicable,
e.g., to various ground states [4]) or by a “volume law”
Se ∼ l
d (typical for highly excited states in a thermal
system [5]). The existence of a Fermi surface can impart
a logarithmic correction to the area law for ground states
of fermionic systems at finite density, i.e., Se ∼ l
d−1 log l
[6]. In more exotic phases that lack a local order param-
eter, Se = al − γ + . . . describes a long-range-entangled
ground state with a universal area-law offset γ due to
topological order in d = 2 [7, 8].
Entanglement entropy has been particularly successful
at characterizing the ground states of quantum impurity
models, in which a local dynamical degree of freedom can
be screened via entanglement with a dense set of host
energy levels. For example, the Kondo effect is an inher-
ently quantum-mechanical phenomenon due to its singlet
ground state [9]. It is therefore natural to expect that
the size of the Kondo screening cloud dictates the spatial
range of entanglement, a picture that has been confirmed
for an interacting spin chain described by the same ef-
fective low-energy theory as the Kondo model [10, 11].
However, a direct observation in the degrees of freedom
of the original model has hitherto been lacking. More-
over, in situations where the Kondo effect can be driven
critical at a continuous quantum phase transition [12–
26], the fate of the Kondo screening cloud and the spatial
structure of entanglement are both poorly understood. Is
entanglement long ranged at a Kondo-destruction quan-
tum critical point (QCP), despite the impurity becoming
asymptotically free at low temperatures? This question
is relevant for certain heavy-fermion compounds—such
as CeCu6−xAux [27], YbRh2Si2 [28] and CeRhIn5 [29]—
that are believed to exhibit a Kondo-destruction QCP
concomitant with a jump in the Fermi-surface volume.
Entanglement entropy can provide crucial insights into
the nature of the many-body ground state near such a
bulk QCP.
In this Letter, we show that the numerical renormal-
ization group (NRG) can be used to accurately calculate
the entanglement in the ground state of a spin- 12 mag-
netic impurity in a metallic or semimetallic host. Pre-
viously, we have investigated the “local” entanglement
between such an impurity and its host, taking the impu-
rity alone to form subsystem A [26]. Here, we instead
compute Simpe (R), the impurity contribution to the en-
tanglement entropy between a region of radius R about
the impurity site and the rest of the system. For a metal,
where the impurity spin becomes fully screened at tem-
peratures T ≪ TK (the Kondo temperature), we directly
confirm the previously deduced [10, 11] scaling of Simpe
with R/RK , whereRK ∝ 1/TK is believed to be the char-
acteristic size of the many-body Kondo screening cloud.
Our main results are for the pseudogap Kondo model
[12], which features a Kondo-destruction QCP at an
impurity-band exchange coupling J = Jc separating a
partially screened Kondo phase (J > Jc) from a local-
moment phase (J < Jc) in which there is no static Kondo
effect. Each phase reveals a length scale R∗ such that
for R ≪ R∗, Simpe takes its maximal value, a signature
of strong entanglement associated with the QCP. In the
Kondo phase, Simpe decreases for R ≫ R
∗, but (in con-
trast to the conventional metallic case) remains nonzero
even for R → ∞ due to the incomplete screening of the
2FIG. 1. NRG representation of the Kondo model as a tight-
binding Wilson chain of N sites coupled at one end to an
impurity spin. (a) In real space, Wilson site n corresponds to
a spherically symmetric band state with a radial probabilty
density peaked at a radius ∝ k−1F  L
n/2 from the impurity. (b)
The entanglement entropy Se(J, L,N) is found by splitting
the mapped system into subsystems A (the impurity and the
first L Wilson sites) and B (the remaining N − L sites).
impurity [14]. In the local-moment phase, the strong en-
tanglement for R ≪ R∗ evidences a dynamical Kondo
effect, but Simpe drops toward zero for R ≫ R
∗. In both
phases, Simpe obeys universal scaling in terms of R/R
∗
with a power-law decay for R/R∗ ≫ 1 described by a
non-integer exponent. On approach to the QCP, the en-
tanglement length diverges like R∗ ∼ |J − Jc|
−ν , lead-
ing to a maximal, scale-invariant entanglement extending
from the impurity throughout the entire system.
Model. We consider the spin- 12 Kondo Hamiltonian
H =
∑
k,σ
εk c
†
kσ ckσ+
J
2Nk
Simp ·
∑
k,k′,σ,σ′
c†
kσ σσσ′ ck′σ′ , (1)
where ckσ destroys a band electron of energy εk and spin
z component σ = ± 12 , Nk is the number of k values (i.e.,
the number of host unit cells), J is the local exchange
coupling between band electrons and the impurity spin
Simp, and σ is a vector of Pauli matrices. We consider a
density of states of the (highly simplified) form
ρ(ε) = N−1
k
∑
k
δ(ε− εk) = ρ0|ε/D|
rΘ(D − |ε|), (2)
where D is the half-bandwidth and Θ(x) is the Heav-
iside function. The model has a rich phase diagram
that crucially depends on the band exponent r [14]. The
case r = 0 corresponds to the conventional Kondo prob-
lem in a metal [9]. For semimetals with 0 < r < 12 ,
the above-mentioned Kondo-destruction QCP occurs at
J = Jc > 0. At this interacting QCP, the system ex-
hibits a critical impurity spin response characterized by
nontrivial, r-dependent exponents [15].
We consider the impurity-induced change in the en-
tanglement entropy, defined as Simpe (J,R) ≡ Se(J,R) −
S
(0)
e (R). Here, Se(J,R) is the entanglement entropy of
the combined impurity-band system with subsystem A
consisting of the impurity plus that part of the band
within radius R of the impurity site, and S
(0)
e (R) is the
entanglement entropy of the band alone when partitioned
at the same radius R [see Fig. 1(a)]. Since the exchange
coupling in Eq. (1) is spherically symmetric, the impurity
affects only the s-wave band degrees of freedom, and for
purposes of calculating impurity-induced properties, the
problem reduces to one (radial) dimension. After this re-
duction, one has [6, 30, 31] S
(0)
e (R) ∼ logR rather than
the full three-dimensional behavior S
(0)
e (R) ∼ R2 logR.
Computational method. We study the radial Kondo
model using the NRG [32, 33] as modified to treat a
power-law density of states [14]. The Hamiltonian is
mapped onto a semi-infinite tight-binding “Wilson chain”
of sites labeled n = 0, 1, 2, . . ., coupled to the impurity
via site 0 only. A discretization parameter  L > 1 in-
troduces a separation of energy scales that causes the
nearest-neighbor hopping coefficients to decay exponen-
tially as tn ∼ D L
−n/2 and allows iterative diagonaliza-
tion of Kondo Hamiltonians HM having finite Wilson
chains of length M with M = 1, 2, . . ., N .
To quantify entanglement, the system described by
HN is divided into a subsystem A comprising the im-
purity and the first L chain sites (0 ≤ n ≤ L − 1)
and a subsystem B containing the remaining chain sites
(L ≤ n ≤ N − 1) [see Fig. 1(b)]. We obtain the entan-
glement entropy Se(J, L,N) = −TrA(ρA ln ρA) by using
the NRG solutions of HM with L − 1 ≤ M ≤ N to
compute the reduced density operator for subsystem A:
ρA = TrB(ρ) [34–37]. Here, ρ ∝ exp(−HN/kBT ) is the
density operator at a thermal energy scale kBT ∼ tN ,
chosen to be much smaller than any other energy of
physical interest so that the ground-state entanglement
is calculated. (For J < Jc, a tiny magnetic field is in-
troduced to remove a spurious contribution to Se from
the two-fold ground-state degeneracy [26].) We also
calculate the entanglement entropy S
(0)
e (L,N) for the
same partition of the chain but without the impurity
[37]. The impurity entanglement entropy, defined as
Simpe (J, L,N) = Se(J, L,N)−S
(0)
e (L,N), is independent
of N provided that N ≫ L, but shows an alternating
term proportional to (−1)L that decays only slowly with
increasing L [10, 38]. We therefore focus on a smoothed
three-point average Simpe (J, L) = limN≫L[S
imp
e (J, L−
1, N) + 2Simpe (J, L,N) + S
imp
e (J, L+1, N)]/4 [37].
To find Se as a function of physical distance R from
the impurity, we note that site n of the Wilson chain
is associated with a single-electron wave function ψn(r
′)
that has its greatest radial probability density at radius
r′n ≃ c L
n/2/kF , where kF is the Fermi wave vector and
c is a dimensionless constant of order unity [39] [see Fig.
1(a)]. In the physical limit N → ∞ and Λ → 1, ψn(r
′)
approaches a radial delta function. Even for Λ > 1, we
expect the smoothed entanglement entropy Simpe (J, L)
to reasonably approximate its continuum counterpart
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FIG. 2. (a) Impurity entanglement entropy Simpe vs Wilson
chain partition size L for a metallic host (r = 0) and different
Kondo couplings J labeled in the legend of (b). Lines are
guides to the eye. (b) Data from (a) replotted as Simpe vs
R/RK , where R = c L
L/2/kF and RK = 1/(kFTK) with TK
being the Kondo temperature extracted from the magnetic
susceptibility [37]. The collapse of data for different J values
points to a one-parameter scaling Simpe (J,R) = f0(R/RK).
Inset: Data from main panel for ρ0J = 0.05 replotted on a log-
log scale showing an (R/RK)
−1 tail (fitted line) for R≫ RK .
Simpe (J,R = cΛ
L/2/kF ). We present results obtained us-
ing discretization parameter  L = 3, retaining up to 600
many-body eigenstates after each NRG iteration to reach
a Wilson chain of N = 161 sites. We employ the conven-
tional NRG value c = 2 L1/2/( L + 1) and work in units
where D = ~ = kB = gµB = 1 [37].
Results for a metallic host. First we consider the
conventional Kondo model described by band exponent
r = 0. Figure 2(a) plots the impurity entanglement en-
tropy Simpe vs L for eight values of the Kondo coupling J .
For all but the largest J values, Simpe starts for small L at
the value ln 2 indicative of a singlet formed between (i) a
spin 12 arising from an impurity that is negligibly screened
by electrons occupying Wilson sites n < L, and (ii) a net
spin 12 representing the part of the Kondo screening cloud
residing on Wilson chain sites n ≥ L. For large L, Simpe
approaches zero from above, indicating that the impu-
rity is being Kondo-screened almost entirely by electrons
within subsystem A, leaving an entanglement with sub-
system B no greater than in the absence of the impurity.
It is natural to associate the crossover from Simpe ≃ ln 2
to Simpe = 0 with the renormalization-group (RG) flow
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FIG. 3. Impurity entanglement entropy Simpe vs Wilson chain
partition size L for a pseudogap Kondo model with band ex-
ponent r = 0.4. Symbols plot data for (a) J = (1 − 10x)Jc,
and (b) J = (1+10x)Jc, with values of x shown in the legend.
Thick lines show the critical case J = Jc.
from weak to strong coupling, known from much pre-
vious work [9] to be characterized by a single energy
scale TK . Accordingly, the entanglement is believed [10]
to have just one length scale RK ≃ 1/(kFTK). Fig-
ure 2(b) replots data from Fig. 2(a) as Simpe vs R/RK ,
revealing an excellent collapse of results for different
J and pointing to the existence of a universal scaling
Simpe (J,R) = f0(R/RK). For R/RK ≫ 1, S
imp
e decays
like (R/RK)
−1 [see inset to Fig. 2(b)], consistent with
studies of spin chains [10] and a resonant-level model [40].
Results for pseudogapped hosts. Our main interest is
in the entanglement near the Kondo-destruction QCPs
that occur for semimetallic densities of states described
by exponents 0 < r < 12 . Figure 3 illustrates for r = 0.4
the variation of Simpe with Wilson chain partition size
L for values of J close to Jc. In the local-moment phase
[Fig. 3(a)], Simpe initially rises with increasing L to reach a
plateau maximum, only to fall toward zero for larger par-
tition sizes. These data show that even though the impu-
rity spin asymptotically decouples from the band, the im-
purity induces additional entanglement for finite values
of L—or equivalently, at finite energies ≃ ±D L−L/2—
manifesting a dynamical Kondo effect.
In the Kondo phase, too, Simpe initially rises with in-
creasing L to reach the same plateau maximum as for
J < Jc, before decreasing for larger L values [Fig. 3(b)].
Here, however, the impurity induces an additional en-
tanglement that remains nonzero as L → ∞. This is
consistent with the nonvanishing T → 0 limits of both
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FIG. 4. Data from Fig. 3 replotted vs R/R∗, where R ∝
 LL/2/kF and R
∗ = 1/(kFT
∗) with T ∗ being a crossover
temperature extracted from the magnetic susceptibility [37].
Symbols plot data for (a) J = (1− 10x)Jc, and (b) J = (1 +
10x)Jc with values of x labeled in the legend. Lines show fits
to data points (not shown) obtained for other values of r. In-
sets: Log-log plots of large-R data for Simpe (J,R)−S
imp
e (J,∞)
vs R/R∗, calculated for a single Kondo coupling (a) J < Jc,
(b) J > Jc at each of four different band exponents r > 0,
with power-law fits (dashed lines).
the impurity entropy and the effective magnetic moment,
which suggest that the impurity degree of freedom is only
partially screened in the pseudogap Kondo phase [14].
Figure 3 also shows that in either phase, Simpe remains
near its initial plateau to larger values of L the closer J
approaches Jc. We are thus led to one of our principal
conclusions: At the QCP [thick lines in Figs. 3(a) and
3(b)], the entire conduction band is maximally entangled
with the impurity, i.e., the ground state has long-range,
scale-invariant entanglement.
The preceding picture implies that the eventual de-
crease in Simpe vs L seen for J 6= Jc reflects the RG flow
away from the pseudogap Kondo QCP, a flow character-
ized by a crossover temperatures scale T ∗ ∼ |J − Jc|
ν ,
where ν(r) is the correlation-length exponent [15]. Fol-
lowing the same reasoning as was applied for a metallic
(r = 0) host, we expect T ∗ to be associated with a length
scale R∗ = 1/(kFT
∗). Figure 4 replots the r = 0.4 data
from Fig. 3 as Simpe vs R/R
∗ using values of T ∗ extracted
from the magnetic susceptibility [14, 37]. The scaling col-
lapse of data for different J is of a similar quality to that
for r = 0 [see Fig. 2(b)]. This provides strong evidence
for the existence of scaling functions f±r such that
Simpe (J,R) = f
±
r (R/R
∗) for J ≷ Jc. (3)
Significant departures from scaling are seen only for the
smallest values of R (corresponding to the smallest L in
Fig. 3), and can be attributed to the NRG discretization.
Figure 4 also plots fitting curves from similar data col-
lapses for band exponents r = 0.2, r = 0.3 and r = 0.45
[41], as well as [in panel (b)] the metallic case r = 0.
Whereas in the local-moment phase Simpe → 0 for
R/R∗ → ∞, in the Kondo phase Simpe approaches for
R/R∗ ≫ 1 a value that is well-approximated by Simpe ≃
3
2r ln 2 [37]. Insets in Fig. 4 show that in either phase,
the impurity entanglement entropy has a power-law tail
Simpe (J,R)−S
imp
e (J,∞) ∝ (R/R
∗)−α for R≫ R∗. (4)
Fitted exponents are consistent with α = 2r for J < Jc
and α = min(1−r, 2−4r) for J > Jc, values that represent
twice the dimension of the leading irrelevant operator at
the local-moment and Kondo fixed points, respectively
[37]. This observation is consistent with the interpreta-
tion that the power-law tails are associated with the RG
flow toward a stable fixed point.
Discussion. We have determined the spatial structure
of entanglement entropy in two types of quantum impu-
rity models. Our work demonstrates that the impurity
entanglement entropy for a system partitioned at radius
R around a Kondo impurity depends only on R divided
by R∗ ∝ 1/T ∗, where T ∗ is a many-body scale. In the
conventional case of a metallic host, T ∗ is the Kondo
temperature, whereas T ∗ vanishes like |J − Jc|
ν on ap-
proach to the Kondo-destruction critical point in a pseu-
dogapped host. The impurity entanglement entropy is
both scale invariant and long ranged at this interacting
critical point, while away from criticality it falls off like ∼
(R/R∗)−α for R≫ R∗. We deduce that the total entan-
glement entropy goes like Se(J,R) ≃ b logR+f
±
r (R/R
∗).
Our conclusions have been reached for a model [Eqs. (1)
and (2)] exhibiting strict particle-hole symmetry, but we
expect similar conclusions to apply at the asymmetric
interacting QCPs that arise for 0.375 . r < 1 upon the
addition of a potential-scattering term to Eq. (1) [14].
Although obtained for a single impurity, our results
shed light on the Kondo lattice model and have impli-
cations for interpretation of experiments on quantum-
critical heavy-fermion compounds. First, this work pro-
vides insight into the structure of the ground-state wave
function in a Kondo-destroyed phase. Even though static
screening is suppressed, a dynamical Kondo effect still
produces entanglement extending over a length scale that
diverges on approach to the Kondo phase boundary.
Thus, the ground state of the Kondo lattice cannot be ad-
equately described merely in terms of a static slave-boson
amplitude; dynamical effects must be taken into account.
Second, our findings suggest that the Kondo-breakdown
5long-range entanglement between all local moments and
the entire conduction band. We believe that this scale-
invariant entanglement is intimately associated with the
reconstruction of the critical Fermi surface.
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This document summarizes technical methods and presents results beyond those contained in the main paper.
Section I analyzes the Wilson chain—the discretized representation of the conduction band used in numerical
renormalization-group (NRG) calculations—in the absence of any impurity degree of freedom. Data are presented for
the dependence of the entanglement entropy Se on the overall chain length, the position of the cut across which the
entanglement is computed, the exponent r entering the density of states
ρ(ε) = ρ0|ε|
rΘ(D − |ε|), (S1)
and the NRG discretization parameter Λ. Section II addresses the many-body Kondo problem created by coupling a
Wilson chain to a spin- 12 impurity. A description of the method that we use to calculate the entanglement entropy is
followed by details of the entanglement results presented in the main text.
I. ENTANGLEMENT WITHIN THE WILSON CHAIN
This section focuses on the entanglement properties of isolated Wilson chains (without any coupling to an impurity
degree of freedom). The quantity of interest is the entanglement entropy Se(L) for a chain of length N sites that is
split into subsystem A comprising sites 0 through L−1 and subsystem B containing sites L through N −1. Although
the notation suggests that Se is a function of L alone, it must be emphasized that in fact it also depends on N , r,
and Λ.
A. The Wilson chain
The NRG method [1, 2] uses a discretization parameter Λ > 1 to divide a conduction band having single-particle
energies ε ranging from −D to D into an infinite set of logarithmic bins spanning DΛ−(m+1) < ±ε ≤ DΛ−m for
m = 0, 1, 2, . . .. Within each bin, the band is approximated by a single representative state, namely, the linear
combination of the original band states that couples to the impurity. The band Hamiltonian is then mapped via the
Lanczos method onto a tight-binding Hamiltonian for a semi-infinite “Wilson chain” of sites labeled n = 0, 1, 2, . . .,
coupled to the impurity via site 0 only:
H −→ Himp
[
f0σ, f
†
0σ
]
+
∞∑
n=1
∑
σ
tn
(
f †nσ fn−1,σ +H.c.
)
, (S2)
where tn ∼ DΛ
−n/2 for n≫ 1 [3]. The reader is referred to Ref. 14 for details of the calculation of the coefficients tn
and their large-n asymptotics for the power-law density of states specified in Eq. (S1).
The discretization-induced separation of energy scales tn allows controlled approximation of the low-energy states
of the full Hamiltonian H through iterative solution of finite-chain Hamiltonians
HM = Himp
[
f0σ, f
†
0σ
]
+HchainM , (S3)
HchainM =
M−1∑
n=1
∑
σ
tn
(
f †nσ fn−1,σ +H.c.
)
, (S4)
with M = 1, 2, . . ., N . Here, N is chosen to be sufficiently large that tN (the largest energy scale of the part of the
semi-infinite chain that is omitted from HN ) is much smaller than all energy scales of physical interest.
The Wilson chain hopping coefficients converge for Λ→ 1 to those for the exact Lanczos mapping of the continuum
(“Λ = 1”) Kondo model. For example, in the case of a metallic density of states [Eq. (S1) with r = 0], tn decreases
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FIG. S1. Tight-binding hopping parameters plotted as |tn/D−
1
2
| vs n for the exact Lanczos mapping of a conduction band with
a density of states given by Eq. (S1) with r = 0 (squares) and r = 0.2 (triangles and circles for odd and even n, respectively).
Only for n→∞ does tn approach its uniform value tn =
1
2
for a standard tight-binding chain.
monotonically from t1 ≈ 0.57D toward t∞ = D/2. The log-log plot in Fig. S1 reveals an exponential decay of tn/D−
1
2
with increasing n. This pattern distinguishes the exact tight-binding formulation of the Kondo model from a standard
tight-binding (STB) chain corresponding to Eq. (S4) with tn = D/2. The effect of this difference on the entanglement
entropy will be discussed below. Figure S1 also plots |tn/D−
1
2 | vs n for the pseudogapped case r = 0.2. Here tn for
n odd (even) approaches D/2 from above (below).
B. Calculation of the entanglement entropy
The entanglement entropy of an isolated Wilson chain (without any impurity coupled to its end) can be computed
within the NRG approach in the same manner as the corresponding quantity for the full Kondo problem (see Sec.
II A). However, the quadratic nature of HchainM allows use of a simpler method introduced in Ref. ? , which was used
to obtain the results presented in Sec. I C.
The formalism begins with a general fermionic tight-binding Hamiltonian
H =
∑
m,n
tmnc
†
mcn (S5)
having hopping tmn between sites m and n of a finite lattice. We split the system into subsystems A and B, reserving
labels i and j for sites within A. In any many-particle eigenstate |Ψ〉 of H , the single-particle correlation function for
subsystem A can be written
Cij = 〈Ψ|c
†
icj |Ψ〉 = TrA
(
ρAc
†
i cj
)
, (S6)
where ρA = TrB(|Ψ〉〈Ψ|) is the reduced density operator for subsystem A. Given the quadratic form of H , higher
correlation functions within A must factorize according to Wick’s theorem, and there must exist a Hermitian operator
HA =
∑
i,j
H˜ij c
†
i cj (S7)
such that
ρA = Z
−1
A e
−HA , ZA = TrA
(
e−HA
)
. (S8)
The matrix H˜ij has a set of eigenvalues ε˜k and orthonormal eigenvectors vk with components vik that can be used
to define new fermionic operators
ak =
∑
i
v∗ik ci ←→ ci =
∑
k
vik ak (S9)
8such that
HA =
∑
k
ε˜k a
†
kak, ρA = Z
−1
A exp
(
−
∑
k
ε˜k a
†
kak
)
, ZA =
∏
k
(
1 + e−ε˜k
)
. (S10)
Substituting Eq. (S9) into Eq. (S7) yields
H˜ij =
∑
k
ε˜k vikv
∗
jk, (S11)
while substituting Eqs. (S8)–(S10) into Eq. (S6) gives
Cij =
∑
k
v∗ikvjk
eε˜k + 1
. (S12)
Comparison of Eqs. (S11) and (S12) leads to the conclusion that matrices H˜ and CT (the transpose of C) are
diagonalized by the same similarity transformation. We therefore deduce that CT (and hence C) has eigenvalues
γk =
1
1 + eε˜k
←→ ε˜k = ln (1− γk)− ln γk. (S13)
The entanglement entropy for the partition of the system into subsystems A and B is
Se = −TrA(ρA ln ρA)
= TrA(ρA lnZA) + TrA
[
Z−1A exp
(
−
∑
k
ε˜k a
†
kak
)(∑
k′
ε˜k′ a
†
k′ak′
)]
= lnZA +
∏
k
ε˜k
eε˜k + 1
=
∑
k
ln
(
1 + e−ε˜k
)
+
∑
k
ε˜k
eε˜k + 1
=
∑
k
ln
(
1 +
γk
1− γk
)
+
∑
k
γk
[
ln
(
1− γk
)
− ln γk
]
= −
∑
k
[
γk ln γk + (1 − γk) ln(1− γk)
]
. (S14)
Equation (S14) provides a computationally fast and accurate method for calculating the entanglement of a spinless
Wilson chain or a spinless standard tight-binding chain from the eigenvalues of its single-particle correlation function.
To obtain the impurity contribution of the entanglement entropy of the Kondo problem, we subtract twice the
entanglement entropy of the spinless chain.
C. Systematics of the Wilson chain entanglement entropy
The entanglement entropy of the Wilson chain exhibits even-odd alternation with increasing size L of partition A.
Such an alternation is present for a standard tight-binding chain, but it becomes more pronounced with increasing
Λ > 1 and/or increasing |r|. To filter out this alternation, which is a finite-size effect of little interest for our purposes,
we consider a three-point average
Savge (L) =
1
4
[
Se(L− 1) + 2Se(L) + Se(L+ 1)
]
. (S15)
This section considers first the case of a metallic band with a density of states described by Eq. (S1) with r = 0. We
identify a range of L values over which Savge differs negligibly from the universal dependence exhibited by a standard
tight-binding (STB) chain, and describe deviations found for small and large values of L. We then turn to the effects
of varying the band exponent r entering Eq. (S1).
Results for r = 0: Fig. S2(a) shows the average entanglement entropy Savge vs partition length L for a representative
case Λ = 1.04 and for various chain lengths N specified in the legend. Savge (L) is almost (but not quite) symmetric
with respect to reflection about L = N/2 and peaks very close to L = N/2. The value Smaxe ≃ S
avg
e (N/2) initially
increases with increasing chain length N , but eventually saturates as a wide plateau forms in Savge (L). No such plateau
is observed in the data for Λ = 1 and N = 1200 (plotted with dashed lines).
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FIG. S2. Wilson chain entanglement entropy Savge vs partition size L for a metallic density of states described by Eq. (S1) with
r = 0. (a) Data for discretization parameter Λ = 1.04 with different chain lengths N (solid lines), and for Λ = 1, N = 1200
(dashed line). (b) Data for N = 600 with different values of Λ (solid lines). Also shown (dashed line) is Savge vs partition size
L for a 600-site standard tight-binding (STB) chain. (c) Data from (b) replotted vs logL. (d) Data for N = 600, Λ = 1.04
showing the definition of a partition size LΛ characterizing the crossover from a regime S
avg
e ∼ logL for L ≪ LΛ (red dashed
line) to a regime Savge ≃ S
max
e for L≫ LΛ (blue dashed line). Inset: LΛ (calculated for N = 1200) vs Λ−1 is well approximated
by LΛ = 2/(Λ− 1) (red line).
Figure S2(b) plots (solid lines) Savge vs L for a fixed chain length N = 600 and different values of the discretization
parameter on the range 1 ≤ Λ ≤ 1.1. Also shown (dashed line) are the corresponding data for a standard tight-binding
(STB) chain with tn = D/2. The STB curve is exactly symmetric about L = N/2, while those for Wilson chains are
slightly asymmetric. Curves for Λ > 1 exhibit a plateau similar to that seen in Fig. S2(a). As Λ is increased, the
plateau value Smaxe decreases and is reached at smaller values of L.
For the fermionic STB chain with constant hopping coefficients between nearest neighbors, the entanglement entropy
in the limit L ≪ N is equal to that of a critical conformal field theory (CFT) [6]. For a finite system with open
boundary conditions,
Savge =
c
6
ln
(
N
pi
sin
piL
N
)
+ b
≃
c
6
lnL+ b for L≪ N/2, (S16)
where c is the central charge of the CFT and b the boundary entanglement. For a spinless chain, the left-moving and
right-moving fermions each carry a charge of c = 1/2, so the chain overall is described by c = 1. Fig. S2(c) replots the
data for L ≤ N/2 from Fig. S2(b) as Savge vs logL. The Wilson chain results (solid lines) can be well approximated
by
Savge =


c
6
lnL+ b for 10 . L≪ LΛ,
c
6
lnLΛ + b ≡ S
max
e for LΛ ≪ L ≤ N/2.
(S17)
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FIG. S3. (a) Savge vs L for Wilson chains of length N = 600 with different band exponents r, for discretization parameters
Λ = 1.0 (solid lines) and Λ = 1.04 (dashed lines). (b) Data for L ≤ N/2 replotted on a logarithmic L scale.
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FIG. S4. Fitted coefficients c and b in Eq. (S17) for a Wilson chain with discretization Λ = 1, and band exponents r = 0, 0.2,
and 0.4. (a) Log-log plot of 1− c vs 1/N , where N is the chain length, showing apparent convergence to c = 1 for 1/N → 0.
(b) b vs 1/N .
Here, c and b are independent of Λ and, when extrapolated to the infinite-size limit 1/N → 0, are numerically
indistinguishable from their respective STB-chain values: c = 1 and b ≃ 0.478. For L . 10, all Wilson-chain data
coincide but clearly differ from those for the STB chain (dashed line), while the STB and Λ = 1 Wilson chain
entanglement entropies converge for L≫ 10. This is unsurprising given the approach with increasing n of the Λ = 1
Wilson chain hopping coefficients tn to the STB value tn = D/2 (see Fig. S1).
The scale LΛ is the focus of Fig. S2(d). The main panel shows how LΛ can be defined as the horizontal coordinate
of the intercept between the small-L and large-L asymptotes defined in Eq. (S17), i.e., LΛ = exp[(6/c)(S
max
e − b)].
The inset of Fig. S2(d) plots the variation of LΛ with Λ (data points), demonstrating that for Λ . 1.1, the scale is
well-described by the empirical relation LΛ = 2/(Λ− 1) (line). NRG many-body calculations are typically performed
using a discretization parameter on the range 1.5 ≤ Λ ≤ 3 chosen to balance discretization errors against truncation
errors. In all such cases, LΛ ≃ 1, so S
avg
e (L) ≃ S
max
e is almost independent of L.
Results for r 6= 0: Figure S3 plots Savge vs L (panel a) and vs logL (panel b) for fixed N = 600, for Λ = 1 (solid
lines) and Λ = 1.04 (dashed lines), and for different values of the band exponent r entering Eq. (S1) describing metallic
(r = 0), pseudogapped (r > 0), and divergent (r < 0) densities of states. For Λ = 1, the main effect of increasing
|r| is a progressive increase in the asymmetry of Savge (L) about L = N/2. As r increases (decreases) from zero, the
peak in Savge (L) moves right (left) from L ≃ N/2. For 10 . L≪ N/2, the entanglement entropy is still described by
Eq. (S16), as can be seen from Fig. S3(b). For Λ = 1.04 (dashed lines in Fig. S3), the entanglement entropy for all r
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chain c) b
STB 1.0000(2) 0.4780(7)
r = 0 1.0000(1) 0.47856(5)
r = 0.2 1.0000(1) 0.43288(4)
r = 0.4 1.0000(1) 0.39500(5)
TABLE I. Values of the coefficients c and b defined in Eq. (S17) for the STB and for Wilson chains with different band exponents
r. A number in parentheses denotes the estimated nonsystematic error in the last digit.
values remains consistent with Eq. (S17), where LΛ is independent of r and the value of S
max
e tracks the r dependence
of b, i.e., Smaxe (r) − S
max
e (0) ≃ b(r)− b(0).
Figure S4 plots the variation with inverse chain length 1/N of the fitted values of c and b for Λ = 1 and r = 0, 0.2,
and 0.4. Table I lists the result of extrapolating c and b to the long-chain limit 1/N → 0, along with the corresponding
values for the STB chain. To within numerical accuracy, the slope remains c = 1 independent of r, as demonstrated
by a log-log plot of 1 − c vs 1/N [Fig. S4(a)], whereas the boundary entanglement b decreases (increases) as r is
increased (decreased) from zero [Figs. S3(b) and S4(b)].
A density of states of the form of Eq. (S1) describes free fermions in one spatial dimension having a dispersion
ε ∝ |k−kF |
1/(1+r)sgn (k−kF ). It is therefore quite surprising that, apart from a nonuniversal boundary term b(r), the
L dependence of Savge for 10 . L≪ N/2 is the same for r = 0 (where the host system exhibits conformal invariance)
and for r 6= 0 (where the space and time axes are manifestly inequivalent). At present we do not fully understand the
physical origin of this result. However, it suggests that the pseudogap host could in fact possess a “hidden” conformal
symmetry with a central charge c = 1 (c = 12 each for left- and right-movers).
II. ENTANGLEMENT ENTROPY FOR THE PSEUDOGAP KONDO PROBLEM
A. Numerical renormalization-group calculation of entanglement entropy
To calculate the entanglement entropy, we employ the full density-matrix NRG approach [7–9]. In order to explain
our method, it is necessary first to briefly review aspects of the conventional NRG approach. If the impurity has di
internal states (e.g., di = 2 for a spin Simp =
1
2 ) and each Wilson chain site has d possible states (e.g., d = 4 for the
single, spinful conduction band considered in the present work), then HM has a basis of dimension did
M . Due to the
exponential growth of this dimension with increasing M , starting at some NRG iteration M0 (typically M0 = 5), the
basis must be truncated to keep within acceptable bounds the computational time for setting up and diagonalizing
a matrix representation of HM . The many-body eigenstates of HM are divided into two sets: the high-energy states
|l,M〉, 1 ≤ l ≤ ndiscM are discarded, and only the lowest-energy states |k,M〉, 1 ≤ k ≤ n
kept
M are kept to set up the next
Hamiltonian HM+1, which then has a truncated basis of dimension dn
kept
M ≡ n
kept
M+1 + n
disc
M+1.
The full density-matrix NRG approach is constructed around a complete basis of dimension did
N for the longest
Wilson chain (corresponding toM = N). This basis, introduced by Anders and Schiller [10, 11], comprises all states of
the form |l, e,M〉 = |l,M〉⊗|e,M〉 whereM ranges fromM0 (the lowest-numbered iteration at which any eigenstate is
discarded) to N (the highest-numbered iteration, and one at which we formally classify every eigenstate as discarded).
Here, |l,M〉 is one of the many-body eigenstates discarded after iteration M and |e,M〉, called an “environmental
state,” is any one of dN−M different possible simple products of basis states for Wilson chain sites M through N − 1.
For any M < N , |l, e,M〉 is not an eigenstate of HN but the full density-matrix NRG relies on a key approximation
that HN |l, e,M〉 ≃ HM |l,M〉 = El,M |l,M〉 (where all energies are measured relative to the ground state of HN ).
Within the complete basis, the thermal equilibrium density matrix for the entire system composed of the impurity
and N Wilson chain sites is diagonal and can be written (after tracing out the environmental states)
ρ =


ρM0 0 0 0
0 ρM0+1 0 0
. . .
0 0 ρN−1 0
0 0 0 ρN


, (S18)
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where ρM is an n
disc
M × n
disc
M diagonal matrix having matrix elements
(ρM )ll′ =
∑
e,e′
〈l, e,M | ρˆ | l′, e′,M〉 =
∑
e,e′
δl,l′δe,e′e
−βEl,M/Z = δl,l′d
N−Me−βEl,M/Z, (S19)
with ρˆ = Z−1 exp(−βHN ), Z = Tr exp(−βHN ) =
∑N
M=M0
∑
l d
N−Me−βEl,M , and β = 1/kBT .
We seek to calculate the von Neumann entanglement entropy Se with respect to the partition of the system into a
subsystem A consisting of the impurity and Wilson chain sites n = 0, 1, . . ., L − 1 and a subsystem B made up of
the remainder of the Wilson chain; see Fig. 1(b) of the main text. Tracing out the degrees of freedom in subsystem
B yields the reduced density matrix
ρA = TrB(ρ) =


ρM0 0 0 0
0 ρM0+1 0 0
. . .
0 0 ρL 0
0 0 0 RredL


, (S20)
where RredM is the partial reduced density matrix with elements R
red
M (k, k
′) indexed by states k and k′ kept (not
discarded) after iteration M . RredM can be obtained from R
red
M+1 via reverse iteration along the Wilson chain starting
at M = N − 1, as detailed in Eq. (30) of Ref. 36. Diagonalization of RredL yields n
kept
L eigenvalues of ρA that can
be combined with the values (ρM )ll for M0 ≤ M ≤ L to construct the full set of eigenvalues {λa}. Finally, one can
compute the entanglement entropy
Se = −TrA(ρA ln ρA) = −
∑
a
λa lnλa. (S21)
B. Extraction of a characteristic temperature scale T ∗
Figure 4 of the main paper shows that for r > 0, the entanglement entropy in each phase (Kondo and local-
moment) scales as a function of R/R∗, where R∗ = 1/(kFT
∗). For the purposes of this figure, we have extracted
the characteristic scale T ∗ for any J 6= Jc from the temperature dependence of χimp(T ), the impurity contribution
to the uniform magnetic susceptibility. We define 4T ∗ to be the temperature at which Tχimp reaches the midpoint
between its critical value (the one that persists to T = 0 at J = Jc) and its zero-temperature limit [4] of 1/4 (for
J < Jc) or r/8 (for J > Jc). This temperature is taken to be 4T
∗ (rather than T ∗, say) so that for r → 0+
where 4T ∗χimp(4T
∗)→ 0.125, T ∗ smoothly approaches the metallic (r = 0) Kondo temperature, normally given the
empirical definition TKχimp(TK) = 0.0701 [12].
C. Entanglement entropy as a function of Kondo coupling J
The main paper presents results for Simpe (J, L), the smoothed (three-point-averaged) impurity contribution to the
entanglement entropy as a function of the Wilson chain partition size L for different fixed Kondo couplings ρ0J . Figure
S6 instead plots Simpe vs ρ0J for the metallic case r = 0 with each data set representing a different fixed partition size
L. With increasing J , each partition shows a monotonic decrease of Simpe . For very weak Kondo couplings ρ0J ≪ 1,
the impurity spin is collectively screened by essentially the entire Wilson chain. The amount of screening that takes
place within the first L sites of the Wilson becomes ever smaller as J → 0+, so the impurity’s entanglement with
chain sites n ≥ L approaches the full value ln 2 for a spin singlet.
For the opposite limit ρ0J ≫ 1, in the ground state of HN given by Eqs. (S3) and (S4), the impurity is essentially
locked into a spin singlet with the on-site combination of conduction electrons annihilated by the f0σ operator; chain
sites 1, 2, . . . N − 1 behave like a free Wilson chain partitioned into segments of length L− 1 and N −L. As a result,
the impurity contribution to the entanglement entropy can be written Simpe (J, L,N) = Se(J, L,N) − S
(0)
e (L,N) ≃
S
(0)
e (L− 1, N − 1)−S
(0)
e (L,N), where S
(0)
e is the entanglement entropy of a chain of length N partitioned into L and
N − L sites. After making N very large and performing a three-point average, the smoothed impurity entanglement
entropy Simpe (J, L) defined in the main paper is negative for L . LΛ—over which range S
avg
e (L,N ≫ L/2) grows with
increasing L—and rapidly approaches zero for L & LΛ. For the value Λ = 3 used to produce Fig. S6, LΛ ≃ 1 and
negative Simpe values are found only for L . 3.
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FIG. S5. Extraction of the characteristic temperature scale T ∗ from χimp(T ), the impurity contribution to the uniform magnetic
susceptibility. For each value of J , 4T ∗ is defined to be the temperature at which Tχimp(T ) (solid curves thin solid lines) reaches
the midpoint (horizontal dashed line) between its T → 0 limiting value for that J (namely, 1/4 for J < Jc, r/8 for J > Jc) and
the corresponding limiting value for J = Jc (solid line). Data shown are for band exponent r = 0.4 and J = (1± 10
x)Jc with
the values of x shown in the legend.
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FIG. S6. Impurity entanglement entropy Simpe vs dimensionless Kondo coupling ρ0J for band exponent r = 0, discretization
parameter Λ = 3 and different partition sizes L. The inset shows the collapse of curves for different L values when the data
spanning ρ0J ≤ 0.3 are replotted as S
imp
e vs R/RK .
As L is increased, the crossover in Simpe from ln 2 toward zero takes place more sharply and centered around a
smaller value of ρ0J . This is another manifestation of the notion presented in the main text that S
imp
e drops once the
radius R of subsystem A exceeds the characteristic size RK of the Kondo screening cloud. The inset of Fig. S6 replots
the data for ρ0J ≤ 0.3 as a function of R/RK , where each L curve corresponds to fixed value of R = cΛ
L/2/kF (with
kF being the Fermi wave vectors and c a constant of order unity) and points within a curve arise from a decrease
with increasing J of RK ∼ 1/(kFTK). Whereas in the main paper, the Kondo temperature TK was deduced from the
impurity contribution to the magnetic susceptibility via the conventional definition Tχimp(TK) = 0.0701 [12], in Fig.
S6 we instead employed the perturbative definition [13]
kBTK ∼ D
√
ρ0J exp[−1/(ρ0J) + O(ρ0J)]. (S22)
The collapse of all curves except those for L = 1 and 2 (which are anomalous for reasons discussed in the preceding
paragraph) is consistent with the existence of a universal scaling function Simpe (J,R) = f0(R/RK), as also argued on
the basis of the data presented in the main paper.
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FIG. S7. Impurity entanglement at the quantum critical point and the Kondo fixed point: (a) Kondo fixed-point value of Simpe
(symbols) vs Λ (on a log scale) for band exponent r = 0.1. A polynomial fit (solid line) is used to extrapolate Simpe to the
continuum limit Λ = 1. (b) Extrapolated Λ = 1 values of Simpe at the critical point (squares) and at the Kondo fixed point
(circles) vs band exponent r, along with a heuristic fit Simpe =
3
2
r ln 2 (dashed line).
Similar behavior can be seen in plots (not shown) of Simpe vs ρ0J at fixed L for pseudogapped hosts (i.e., r > 0).
The data in each phase (Kondo or local-moment) can be collapsed by plotting Simpe against R/R
∗, where the crossover
length scale R∗ = 1/kFT
∗. While T ∗ can be determined from χimp(T ) via the operational procedure laid out in Sec.
II B, for values of J sufficiently close to Jc, good collapse can be achieved by instead using the asymptotic expression
T ∗ ∝ |J − Jc|
ν , (S23)
where the numerical value of the correlation length exponent ν has a nontrivial dependence on the band exponent r
[14].
D. Fixed-point entanglement entropy vs r
This section provides more details of the r dependence of the impurity entanglement entropy at each renormalization-
group fixed point, as well as the manner in which Simpe approaches its value at each of the stable fixed points.
The results in the main paper show that, whereas Simpe = 0 at the weak-coupling fixed point, the impurity en-
tanglement entropy takes nontrivial, r-dependent values at the Kondo-destruction quantum critical point and at the
Kondo fixed point. The fixed-point values of Simpe can be obtained from many-body NRG calculations by taking the
limit R≪ R∗ (for the unstable critical point) or R≫ R∗ (for the stable Kondo and local-moment fixed points). The
Kondo fixed-point value of Simpe can also be calculated using the single-particle method outlined in Sec. I B as the
difference of Savge for a free Wilson chain with and without the first site frozen due to the formation of a local spin
singlet with the magnetic impurity. That the many-body and single-particle approaches yield numerical values in
excellent agreement provides a valuable check on the accuracy of the full NRG results.
In order to remove discretization effects, fixed-point values of Simpe were calculated for values of Λ between 1.01
and 3, then fitted with a polynomial function of lnΛ, allowing extrapolation of Simpe to the continuum limit Λ = 1,
as illustrated in Fig. S7(a).
Extrapolated values of Simpe are shown in Fig. S7(b). As r increases from 0, the critical value of S
imp
e decreases from
ln 2 while the Kondo fixed-point value increases almost linearly from 0. The two fixed-point values meet at r = 12 , the
band exponent at which the quantum critical point merges with the Kondo fixed point. (No quantum critical point
exists for r > 12 [4].) A weak superlinear variation can be seen when the Kondo entanglement entropy is compared
with a heuristic fit Simpe =
3
2r ln 2 [dashed line in Fig. S7(b)]. This superlinear behavior is somewhat unexpected since
thermodynamic properties at strong coupling have been shown to exhibit a strictly linear variation with r [4].
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r α(LM) α(K)
0.0 0 1.000(3)
0.2 0.38(3) 0.800(5)
0.25 0.750(4)
0.3 0.58(5) 0.693(8)
0.33 0.630(7)
0.4 0.79(4) 0.399(5)
0.45 0.89(5) 0.199(2)
0.5 1 0
TABLE II. Values of the exponent α defined in Eq. (S24) for different band exponents r, as determined in the local-moment
(LM) and Kondo (K) phases. A number in parentheses denotes the estimated nonsystematic error in the last digit. Values
without error estimates are assumed rather than computed.
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FIG. S8. Values of the exponent α defined in Eq. (S24) for different band exponents r, as determined in the local-moment
(LM, circles) and Kondo (K, squares) phases, along with lines showing the functions α = 2r, 1− r, and 2(1− 2r).
Insets in Fig. 4 of the main paper demonstrate that Simpe has a power-law-decaying tail in both the local-moment
and Kondo phases, namely,
Simpe (J,R)− S
imp
e (J,∞) ∝ (R/R
∗)−α for R≫ R∗. (S24)
Fitted values of α are listed in Table II and plotted in Fig. S8. To within the estimated numerical uncertainty, the
extracted exponents are consistent with α = 2r for J < Jc and α = min(1 − r, 2 − 4r) for J > Jc. These expressions
coincide with twice the exponent of the leading irrelevant operator at the local-moment and Kondo fixed points,
respectively; see Eqs. (4.7) and (4.10) in Ref. 14. This is consistent with the natural interpretation that the power-
law tails are associated with the renormalization-group flow toward the stable fixed point in either phase, leading to
the expectation that the exponent α is a characteristic of that fixed point.
It is probable that the departure of Simpe from its value on the critical plateau is also described by a power-law
behavior, i.e.,
Simpe (J,R)− S
imp
e (Jc,∞) ∝ (R/R
∗)α
′
for R≪ R∗, (S25)
where one would expect α′ to be positive and a characteristic property of the Kondo destruction critical point (and,
hence, likely to have a nontrivial r dependence). However, numerical uncertainty in the value of the critical value
Simpe (Jc,∞) impedes reliable determination of α
′.
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